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Abstract. A p-divisible group over a field K admits a slope decomposition; as- 
sociated to each slope A is an integer m and a representation Gal(K) GL„,(D;(), 
where D;( is the Qp-division algebra with Brauer invariant [A] . We call m the mul- 
tiplicity of /\ in the p-divisible group. Let Go be a p-divisible group over a field 
k. Suppose that A is not a slope of Go, but that there exists a deformation of G in 
which A appears with multiplicity one. Assume that A / (s — l)/s for any natural 
number s > 1 . We show that there exists a deformation G/Rof Gg/k such that the 
representation Gal(Frac R) GLj (D;i) has large image. 

1. Introduction 

Given a rational number A G [0, 1], where A = r/s with gcd(r, s) = 1, let H;\ 
be the p-divisible group defined over ¥p whose covariant Dieudonne module is 
generated by a single generator e satisfying the relation (F^^' — V'')e = 0. The ring 
of endomorphisms of H\ which are defined over the algebraic closure of ¥p is an 
order Oh^ in D^, the Qp-division algebra whose Brauer invariant is the class of 
A in Q/Z. By a theorem of Dieudonne and Manin a p-divisible group G over a 
field K is isogenous, over the algebraic closure K of K, to a sum (Ba^qH"^'^ [9\. The 
numbers m;\ are uniquely determined by G, and we say that the slope A appears 
in G with multiplicity m^- 

Following Gross 1 5 1, we can associate to G the Gal (X) module V'^{G) : = Hom ( G^) ( 
Q. This yields (see Definition l2.2b a representation 

(1.1) P^ = P- Gal(X) GL„,, (Da), 

which we call the A-monodromy of G. 

We say (Definition 12.3b that the A-monodromy is large if there is a subgroup of 
GLm^ (Da) that has finite index in both GLm^ (^Ha) ^"^^ P(Gal(X)). 

Let k be an algebraically closed field of characteristic p and let R be an equichar- 
acteristic complete local domain with residue field k and fraction field K. Let Gq 
be a p-divisible group over k and G a lifting to R. In these circumstances the repre- 
sentation p has been studied extensively. The first major work was done by Igusa 
[7]. Assume that Gq is the p-divisible group of a supersingular elliptic curve and 
that Gk has slopes and 1. Then the action of Gal(K) on Hom(Ho, Gx) = 
is cofinite in Aut(Zp) = . Both Gross |5| and Chai fl] studied the case when 
Go has a single slope c/(c + 1) and G;^ has slope g/{g + '^) with multiplicity one 
and slope 1 with multiplicity c — g. Gross showed that the image of Gal (i<C) in 
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Aut(H(^_2-)/^) is all of Aut{H(^g_iy^), while Chai showed that the slope-1 repre- 
sentation acting on Q^p is irreducible. We make no attempt at a comprehensive 
history of this problem, but do note that a global analogue of this question for the 
generic Newton stratum of certain moduli spaces of PEL t5rpe has been resolved 
by Deligne and Ribet |3| and Hida |6|. 

Definition 1.1. Let Go be a p-divisible group over an algebraically closed field k. 
We say a slope A is attainable from Gq if there exists a deformation G/R of Gq to a 
complete local domain R with fraction field K such that A appears as a slope of Gk 
with multiplicity one; and, furthermore, we require that if A' is a slope of Gk with 
A' < A, then A' appears in Gq with the same multiplicity as in Gk- We say that such 
a G attains A. 

(The A which are attainable from Gq are determined completely by the Newton 
polygon of Go, see Theorem l2.1l ) 
Our main result is: 

Theorem 1.2. Let Gq be a p-divisible group over an algebraically closed field of character- 
istic p. Assume that a rational number A £ [0, 1] is not a slope ofG^, that A ^ (s — l)/s 
for any natural number s > 2, and that A is attainable from Gq. Then there exists a 
deformation of Gq which attains A and has large A-monodromy. 

For applications to families of abelian varieties, we need a variant of ll.2l adapted 
to deformations of p-divisible groups equipped with quasi-polarizations. A prin- 
cipal quasi-polarization of a p-divisible group is a self-dual isomorphism O : G ^ 

GK 

Definition 1.3. Given a principally quasi-polarized (or pqp for short) p-divisible 
group (Go/A:, Oo), k algebraically closed, we say a rational number A E [0, 1] is 
symmetrically attainable from (Go, Oo) if there is a pqp deformation of (Go, Oq) 
to a pqp p-divisible group (G, O) over a complete local domain R such that G 
attains A. In this case we say that (G, O) symmetrically attains A. 

Theorem 1.4. Let (Go, Og) be a pqp p-divisible group over an algebraically closed field 
of characteristic p. Assume that A is not a slope ofGo, that A ^ {s — l)/sfor any natural 
number s > 2, and that A is symmetrically attainable from (Gq, Og). Then there exists a 
pqp deformation of {Gq, Og) to (G, O) over a complete local domain R with fraction field 
K so that Gk symmetrically attains A and has large A-monodromy. 

We begin by reviewing some facts in section two about p-divisible groups, their 
automorphisms, Newton polygons, and monodromy. The heart of the paper is 
section three. There we consider a local p-divisible group Gq over an algebraically 
closed field k with fl-number equal to one, i.e., dim(Homj.(ap, Go)) = 1. We also 
assume that A is positive and is strictly less than any slope of Gq. We construct, 
using techniques of Oort, and then analyze a particular deformation of Gq that 
attains A with multiplicity one and show it has large A-monodromy. In section four 
we prove two reduction steps that allow us to complete the proof of Theorem ll.2l 
for positive slopes, and separately we prove the case of slope zero. The last section 
is devoted to proving Theorem 11.41 the analogue of Theorem 11.21 for principally 
quasi-polarized p-divisible groups. 

We thank the referee for helpful comments, and C.-L. Chai for his suggestion to 
use monodromy to study p-divisible groups. 
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2. Background on p-divisible groups 

2.1. Slopes, the slope filtration and Newton polygons. We describe the Newton 
polygon of a p-divisible group over a field. The Newton polygon determines and 
is determined by the isogeny class of a p-divisible group over an algebraically 
closed field. 

Let G be a p-divisible group over a field K of characteristic p. By a theorem of 
Grothendieck (proved in (HI), G has a filtration 

(2.1) = Go C Gi c G2 C ■ ■ ■ C G„ = G 

by p-divisible groups so that Gj/G,_i is a p-divisible group isogenous over the 
algebraic closure of K to the direct sum of ni\. copies of H;\., and the rational num- 
bers Aj satisfy A,- < Aj^i- Write Aj = r//s/ where gcd(r,-, s,) = 1. Then the height 
of successive steps in the filtration is height (G,/G,_i) = nix Si. By slope we mean 
the slope of the Frobenius acting on the covariant Dieudonne module, which cor- 
responds to the Verschiebung operator of a p-divisible group. For example, ii^oa 
has slope zero. 

The Newton polygon NP(G) of G/X is the convex hull of the set 

{(0,0)} u;Li {(height(GO, E height(G,/G,_i)A,)} C c M^. 

It is a lower-convex polygon connecting (0, 0) to (height(G), dim(G) ) with slopes 
in the interval [0, 1] and integral breakpoints. Any such Newton polygon is actu- 
ally realized as the Newton polygon of a p-divisible group. 

Let and T2 be two Newton polygons. Following Oort we say that > 'v^ if 
■v\ and "V2 share the same endpoints and if every point of is on or below that of 

Let Go /A; be a p-divisible group over an algebraically closed field k. By a de- 
formation of Go we mean a p-divisible group G over a local ring K equipped with 
isomorphisms -R/m^ = k and G x K/triR = G^jk. 

Grothendieck [8, Theorem 2.1.3] proved that the Newton polygon goes up un- 
der specialization and conjectured, conversely, that one can always achieve an ar- 
bitrary "lower" Newton polygon by deformation. Oort IITOl proved this converse, 
and we make use of his ideas throughout this paper. 

Theorem 2.1. |10 | Let Go be a p-divisible group over an algebraically closed field k. Let 
T be an arbitrary Newton polygon. Then there exists a deformation G/RofGo such that 
NP(G X Frac R) = -v if and only z/NP(Go) ^ t. 

There is a variant of this theory for principally quasi-polarized p-divisible groups. 
A Newton polygon is called symmetric if, in the notation introduced above, /\, = 
1 — A„_|_i_/ and rriji,. = rrix^^^^ ^- Much in the vein of Theorem l2.1I Oort proves that if 
Go is a principally quasi-polarized p-divisible group, and if t is a symmetric New- 
ton polygon with NP(Go) di % then there exists a principally quasi-polarized 
deformation of Go with generic Newton polygon t. 

2.2. Monodromy of p-divisible groups. As in the introduction, let H,.^g be the p- 
divisible group with Dieudonne module F*^^' = V . Dieudonne and Manin have 
shown that if G is a p-divisible group over an algebraically closed field k, then 
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there exists an isogeny 

(2.2) eA^QH®™' G. 

Now suppose G is a p-divisible group over an arbitrary field K of characteristic p. 
(For ease of exposition below, we will always assume that K contains the algebraic 
closure Fp of the prime field.) In general, the slope filtration (|2.1b only splits, even 
up to isogeny, after passage to the perfect closure XP^''^ of K [14]. Moreover, even if 
K is perfect, an isogeny ^2.2} need not exist over K. The field of definition of such 
an isogeny is a measure of the complexity of the p-divisible group. Henceforth let 
Gal(X) = GalCK/KPe^'f); it is canonically isomorphic to Gal(KS'=P /K). 

Let A = Ai be one of the slopes of G/K, in the sense that > 0. Then Aut(H;\) 
acts on = Uom{H;^, (G//G/+i)) Q on the right. Moreover, Gal{K) acts on 
on the left; t e Gal{K) takes / e Hom^{H^ -^, (G//G/_i)^) to t o / o t^i. The 
actions of Gal(i<C) and D;^ commute, and we obtain a representation p : Gal(X) — > 
AutD,(V^). 

Definition 2.2. We call this the A-monodromy of G, and the image of Gal(X) in 
Aut((G,/G,_i).^) the A-monodromy group of G. If J? is a complete local domain 
and G/R is a p-divisible group, the A-monodromy of G/R is that of G x Frac R. 

Given a choice of isomorphism V'^ D'^^ we obtain a representation in GL^^ (C'a) • 
Our goal is to show that the monodromy differs little from GL„,^ (0;\ ) . We say that 
two subgroups of GL„2^(D;\) are commensurable if there is a single subgroup of 
finite index in both groups. 

Definition 2.3. We call a subgroup of GLm^(D;\) large if it is commensurable with 

GLmJCHj- 

Even though the A-monodromy group depends on the choice of isogeny (|2.2b , of 
isomorphism V'^ — > D™'*, and of slope-A test object, we will see below that having 
large A-monodromy is independent of all of these choices. 

It will often be more convenient to calculate monodromy in the category of F- 
lattices. Assume K is a perfect field of characteristic p and let cr denote the Frobe- 
nius on W{K). By an F-lattice we mean a free, finitely generated W(K)-module 
with an injective cr-linear operator F. A Dieudonne module over K gives us an F- 
lattice by forgetting the action of V. We say that F-lattices Mi, Mz are isogenous if 
there is an F-equivariant map Mj M2 with W(K)-torsion kernel and cokernel. 
If Ml, M2 are two Dieudonne modules over K and if M; is an F-lattice which is 
isogenous to M,- as F-lattice for z = 1, 2, then 

HomB(Mi,M2) (»Q = HomF(Mi, M2) «> Q, 

where the left-hand side denotes homomorphisms of Dieudonne modules and the 
right-hand side means homomorphisms of F-lattices. Somewhat more precisely, 
we have [4, IV.l]: 

Lemma 2.4. Let Mi and M2 be Dieudonne modules over a perfect field K which are 
isogenous as F-lattices. Then Mi and M2 are isogenous as Dieudonne modules, and 
HomD(Mi, M2) has finite index in Homjr (Mi, M2). 

Therefore, in order to compute A-monodromy, we may work in the category of 
F-lattices, rather than the category of Dieudonne modules. If M and N are two 
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F-lattices, we say two subgroups of Homp(M, N) Q are commensurable if there 
is a single subgroup of finite index in both. 

Lemma 2.5. For i = 1,2, let Mi and N, F-lattices over K. If M\ and are isoge- 
nous, and if Ni and N2 are isogenous, then Homf(Mi,Ni) and Homjr(M2,N2) are 
commensurable, as are Autf (Mi) and Autf (M2). 

Proof. If M and N are F-lattices, then Hom (M,N) is naturally a summand of 
End(M © N). Therefore, for the first claim it suffices to prove that, for any pair 
of F-lattices Mi and M2, an isogeny (p : Mi M2 identifies an open subgroup of 
End (Ml) with an open subgroup of End(M2). 

Now, (p induces an isomorphism Mi Q = M2 ® Q = V; we view Si : = 
End(M/) as a subgroup of End(y). 

Let Si{n) = p"Si = {a e End(M/) : a(M,) C p"M,}. Each £:,(«) has finite 
index in f,. 

Suppose that p"M2 C Mi C p~"M2. Then a e £2{2n) maps Mi to itself. 
Therefore, £2[2n) C 81. In particular, 82{'2.n) C f 1 D f 2 C £2, so that 81 fl 82 has 
finite index in 82- After taking an isogeny M2 M\, we similarly see that 81 fl 82 
has finite index in 81 . 

To prove the second claim we use (p : Mi M2 to view Aut(Mi ) and Aut(M2) 
as subgroups of Aut(Mi Q). Let A = {g e Aut(Mi) \ {g - l)Mi C p«Mi} for 
sufficiently large n. Then A C Aut(Mi ) n Aut(M2), and A has finite index in both 
Aut(Mi) and Aut(M2). □ 

Below, for A = r/s we will need to consider the F-lattice 

(2.3) = W(Fp)[pi^][F]/(F-/). 

This F-lattice is isogenous to the F-lattice obtained from the Dieudonne module of 
H^. Note that N\^p admits an endomorphism CO that maps (the equivalence class 
of) 1 to p^/^ For a field K containing F^, with q = p^, the endomorphism ring of 
N\^p{K) is 0;\ = W(Fq)[£L'], an order in the division algebra over Qp with Brauer 
invariant A. Note that co'^ = p, and that if x e W(Fg) c 0\ then xco = cox"^, 
where t = a'' E Aut(W(F^)/Zp). In fact, since gcd(r, s) = 1, t is a generator of 
Aut(W(Fg)/Zp). The automorphism group of Na,f is 

(2.4) g, = W{¥^)[a>]^; 
we consider the structure of G;\ in Section l3l2l 

3. A SPECIAL CASE 

In this section we prove a special, but crucial, case of our main result. Let Go 
be a local p-divisible group over an algebraically closed field k. We assume that 
the fl-number of Gq is one, that A = r/s is positive and less than any slope of Gq, 
that A ^ (s — l)/s for any natural number s, and that A is attainable from Gq. Let 
guniv^j^univ universal deformation of Gq over the universal deformation 

ring R""'^. Given a Newton polygon -v with -v >z NP(Go), by [8J there is a radical 
ideal / = }v of R*^"'^ characterized as follows: if Ri is a complete local domain 
and Grj a deformation of Gq whose Newton polygon is on or above t, then the 
deformation Gr^ is induced by a map R^"i^// Ri; and if x e Spec(R""^^//), 
then NP(Gx) di 'v- Let -v = NP(*), the Newton polygon obtained by adjoining 
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(s, r) to the Newton polygon of Gq. For this choice of r set R = R""'^// and 
G = G^"'^. (We given an explicit description of R in l|3.10|l .) 

Lemma 3.1. Let G^/kbe a local p-divisible group over an algebraically closed field, with 
a-number fl(Go) := dimj-Hom(a;p, Gq) — 1. Suppose that X is a positive rational 
number strictly smaller than any slope o/Gq, that A ^ [s — l)/sfor any natural number 
s, and that \ is attainable from Gq. Let Gr be the deformation described above. Then the 
deformation Or of Gq has large A-monodromy. 

(Note that by hypothesis < A < 1 and s > 3.) Let K denote the fraction field 
of R. The hypotheses on Gg and A force ^(Gk) = L Therefore, much informa- 
tion about Gk is encoded in the (noncommutative) characteristic polynomial of its 
Frobenius operator. In Section l3Al we use a result of Demazure on factorization of 
such polynomials to give a method for computing the lowest-slope monodromy 
of a p-divisible group. In Section I3l2l we collect some remarks on the structure of 
G;\, the ambient group for the A-monodromy group. 

After reviewing how deformations of Gq are described by displays (Section l3.3|l , 
we analyze the deformation G = G^"'^ of Gq in which A appears with multi- 
plicity one (Section 13. 4t . We use the method of Demazure to explicitly show that 
certain graded pieces of the A-monodromy of G are maximal, and thus that the 
A-monodromy of G is large. 

3.1. A Lemma of Demazure. In his book on p-divisible groups, Demazure proves 
the following result [4, Lemma IV.4.2] about polynomials over the noncommuta- 
tive ring W{K) [F], where Fa = a^F for a e W(X). 

Lemma 3.2. Given a polynomial in ]N{K) [F], 

(3.1) =f" + Aif"-i + --- + An, 

let A = ^ = min,- ( "^'^^ ^' ) with gcd(r, s) = 1. Over W{K)[p^] there exists a factoriza- 
tion 

X{F) = X1{F)X2{F) 

= Xi{F) ■ [F - p')u, 

where the element v = tr^ e ]N{K) [ps ] satisfies 

v''" + aiv""'^ H h = 0, 

with a; = Ajp~''^. 

In the situation where A is the smallest slope of M and occurs with multiplicity 
one, we can exploit such a factorization to compute the monodromy of M in slope 
A as the Galois group of an equation such as l|3.1t . If u G W{K), by K{u) we 
mean the extension of K generated by all Witt components of u. Similarly, if u E 

W{K) [p^^^], then u may be written as m = L;=o ^iP'^^' ^^'^ ^(") mean the 
extension of K generated by all Witt components of each of the 

Lemma 3.3. Let Mbe a Dieudonne module over a perfect field K generated by a single 
element e that satisfies 

x{F)e = (F" + AiF"-i + • • ■ + A„)e = 0, 
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where n is the rank of Mas W{K)-module. Suppose that the slope A = min/(^^Y — ') — 
r/s occurs in Mwith multiplicity one. Set ai = p^'^'A,. Then the monodromy group of M 
in slope A is induced by the action of Gal{K{v) / K) onu = v~^, where v E W{K)[p^^^] 
satisfies 

(3.2) v"" + aiv""'^ H h fl„ = 0. 

Proof. By Lemma |2.4[ it suffices to prove the result for F-lattices, rather than for 
Dieudonne modules. As F-lattice, M is isogenous to the F-lattice My, = V\I{K) [F] )• 
Let N\ = B*(H;\) be the Dieudonne module of slope /\ defined in the introduc- 
tion. As F-lattice NA,f is isogenous to Nx, so we can replace the computation 
of Hom]i}(N;i(K),M(K)) with the calculation of liom^{Nx,v(^),'M-^(^)). Since 
Mx is defined over a perfect field it is isogenous to the direct sum of two lattices 
M;^. ~ M'y. © M'^, where the only slope of is A, with multiplicity one, and where 
A is not a slope of M^'. Thus we can replace our calculation with the calculation of 
Homf(NA,f(X),M^(X)). 

Our next step is to use Demazure's lemma 13.21 to make explicit the action of 
Gal(X) on M'^{K). This lemma gives us a map of F-lattices 

M;,(X) = W(X)[F]/x(F)^M,(X) = W(K)[pi/s][F]/(F_pA)„_ 

Denote the implicitly given generator of M^ by e^, and set e^^ = ^){ex)- For x G 
V\I{K) and g e Gal(K) we have {xe^^Y = xSe^. We claim that kerT^i is Galois 
invariant, and thus (xcm^)^ = x^cm^- The map xp induces a diagram of quasi- 
morphisms 

M^(K) ^M,(K) 

M'^(K)®M';(K)^Mx(K) 

where the vertical maps are quasi-isogenies. Since ker ip is Galois invariant, so is 
ker i/>. 

Let denote the implicitly given generator of f . Then 

^Ma(X) 



^N^ I UCm^ 

is an isomorphism of F-lattices over K. The action of Gal(K) on Homp(N;^, M) is 
therefore the action of Gal(_K) on u, so that Gal(X(M) /K) induces an action com- 
mensurable with the slope A-monodromy of M. 

□ 

Choosing an isomorphism M;^ (K) = N;^ p allows us to view the monodromy 
representation as a map from Gal(J<C) to the group Qx defined in l|2.4|l . We next 
make some preparatory remarks on the structure of Qp^. 
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3.2. Subgroups of Aut(N;i^f). We continue to let A = r/s, where r > 1 and 
gcd(r,s) = 1. While the hypotheses of Lemma |3A] imply that s > 3, the results 
of the present subsection are valid for s = 2, too. Let q = Recall l|2.4|l that 
= End(N;^ f) has a presentation as W(F(j)[£l>], where CD^ = p and there is a 
generator t of Aut(W(Fg)/Zp) such that, for all x e W(Fg) c C^/ xco = cox''. 
Let g ^ go = O^, and let gt = 1 + co'O^ C 0. For any subgroup H ^ g, let 
Tii = Tin gj. There is always a natural inclusion 

(3.3) n./Hi+t^ — - g,/gi+^ = 

In Section 13. 4[ we will construct a p-divisible group whose A-monodromy Ti. 
satisfies 7Y,/7Y/+i = for z = 0, 1 and s. We will show (Lemma 13.5b that 

such a group is in fact equal to g. 

The structure of an order in a division algebra over a local field is efficiently 
documented in [12J. We make the isomorphisms in | |3.3| | explicit now. An element 
a E W(Fq) can be written as 

where aj e Fg and (ay) = {aj, 0, ■ ■ ■ , 0) e W(Ft;). Now, the order is a finite, 
free W(F(j)-module; any /3 G has a unique expression 

s-l 
j=0 

with e W(F(j). Taking the expansion of each 13 j as above and relabeling, we 
have 

l3='£cDi{l3j). 

i>o 

Lemma 3.4. Suppose that Hs/'Hs+i = C/s/C/s+i. ThenHns/Hns+i = 5,is/t/«s+i = Fg 
for all natural numbers n. 

Proof. The proof is by induction on n. Each class in 0(„+i)s/^/(„_|_i)s_|.i is repre- 
sented by 1 + £i)("+^)^(a) for some a E ¥q. By the inductive hypothesis, there 
exists an element 1 + a?"'' (a) + cd"''+'^^ e Tins for some ^ eO^. Then 

(1 + u)"«(a;) + w"'+^^y = 1 + p{a"'{oc) + a)"'+^l5) + p^w"'y 

=E 1 + a>^"+^>{a) mod a(„+i)s+i 

for some y G C;^, since CD^ = p. □ 

Lemma 3.5. Suppose that Hj /Hi+i — gi/gi+ifori = 0, lands. ThenH/Hn = g/gn 
for all natural numbers n. 

Proof. It suffices to show that for all n E Z>o, Hn/Ti-n+i = gn/gn+i- Again, we 
prove this by induction on n. If s\{n + 1), then H„+i/H„+2 — Gn+i/Gn+2 by 
Lemma [3.4l Otherwise, by induction we may assume that ?^//7Y,+i = 5,/ for 
i = 1 and i = n. A direct computation [12, Lemma 1.1.8] shows that [1 — Co{x),l — 
ev"{y)] = 1 + £i)"+^(x'^"i/ — y'^x) mod g„+2- Since sf(n + 1), every element of F^ is 
of the form x^" y — y^x; the result follows. □ 
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3.3. Displays. Throughout this section we use the ideas, results, and terminology 
of Oort's paper IITOl . If R is a ring of positive characteristic, and if x G R, let 
(x) = (x,0,0,- ■ ■) e W{R). 

Let khe a perfect field and Mq a Dieudonne module over k. Denote the dimen- 
sion of Mq by d, the codimension by c, and the height by ^ = d + c. By a display 
of Mo we mean a choice of W(A:)-basis of Mq, {e,- : 1 < ^ < h}, along with relations 
defining Mq: 



(3.4) 
(3.5) 



Fej = Yjttjiej 



1 <i<d 
' + l<i<h 



(3.6) 



We often summarize this data in the matrix 

C D, 

where A = {aij)i<i<d,i<j<d, S = {aij)i<i<d,d+i<j<h, C = {aij)d+i<i<h,i<j<d, and 
D = iciij)d+l<i<h,d+l<j<h- 

We define certain subsets of Z x Z: 

S = {(;, i) -.1 <i <d,d < j <h} 

guniv = {{i,j):l<i<d,d + l<j< h}. 

The universal equicharacteristic deformation of Mq is defined over the ring 

(3.7) R""":=/cp,y:(!,7)eS""'l. 

Let T be the d x c matrix with entries T/j = (t,,). Then the universal deformation 



of Mo is displayed by 
(3.8) 



A + TC 
C 



B + TD 
D 



(The theory of displays over rings which are not necessarily perfect is documented 
ind.) 

If the fl-number of Mq is one, then one can choose a basis for Mq so that the 
display (|3.4|l becomes particularly simple. Indeed, if the fl-number of Mq is one, so 
dimjt(Mo/(F, V)Mq) is one, there exists HOl 2.2] a display so that the matrix 
has the form 



/ 
1 





fli,d 

fl2,d 



1 add 



V 



ai,h \ 



1 



with ai a unit in W(A:). We call such a display a normal form for Mq. In this 
case, Oort shows there is an explicit polynomial Xo{^) so that the generator e of 
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Mo satisfies 

Xo(F)e=(f''- E^xF"~> = 

with Ax G W(fc). This polynomial depends on the choice of normal display. In 
spite of this ambiguity we call xo(f ) the characteristic polynomial of Mq. Oort 
shows that the Newton polygon of Mq equals the Newton polygon of xo- 
write out the formula for the coefficient Ax in terms of the entries fl,y of the normal 
display, where (;',;') e S. 
Define a map 



i) I — - {<h i), y{i, ;•)) = (; + !- i, i - d). 

With this notation, Oort's Cayley-Hamilton lemma (TOl 2.6] says that 

Ax= E pV'^'i^a^;-'"''^-'. 

{i,jy.{i,j)GS,x{i,j)=x 

Observe that, since a is additive, this formula is additive in ajj. 

The display for the universal deformation M""'^ is in normal form, and hence 
it is determined by the entries in the positions (z, ;') G S. Let 6 be the translation 
map 5{i, j) = (f, j + 1). A display in normal form for M""'^ is given by the matrix 
where 

ajj < i < d, j = h 

While the coordinates tjj on the deformation space arise naturally from our 
choice of normal display, they obscure the Newton stratification of that deforma- 
tion space. We introduce a new set of coordinates Ux,y on adapted to Newton 
polygon calculations, as follows. 

Let V = f{5^^[S"-^")); it is the set of lattice points in the parallelogram with 
vertices (1,0), (d,0), (c,c - 1) and {h-l,c-l) (FigureHll. For (/,/) e S™^^ let 
^x(&-^{i,j)),y(&-^(i,j)) ~ Then there is a canonical isomorphism 

(3.9) R''''" =klUx,y:{x,y)€Vl 

and the characteristic polynomial of M""^^ is 

Xuniv(f)=X0(f)+ E pyiUxy^'^'F'^-^ 
(x,y)eV 

Note that this gives a formula for computing the characteristic polynomial of 
Frobenius of any deformation of Mq. Indeed, let (p : R^™'^ ^ _R be a map to a 
complete local ring, necessarily of positive characteristic. Write rx,y = <p{ux,y)', 
then the characteristic polynomial of Frobenius of the deformation M/R of Mq is 

X{F)=X0{F)+ E pHrx,yr"''''F'^-\ 

{x,y)eP 
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3.4. Construction of a deformation. We continue to work with a Dieudonne mod- 
ule Mo with fl(Mo) = 1 and a positive slope A smaller than any slope of Mq but 
still attainable from Mq. The possibilities for A are completely determined by The- 
orem lZT] Write A = r/s with gcd(r, s) = 1. For A to be attainable, it is necessary 
and sufficient that r < c, and that the slope of the line segment from (s, r) to {h, c) 
satisfies A < [c — r) /{h — s) < 1. In particular, we may and do assume that s > r 
and that s <r + d. 

We recapitulate the method of Oort for constructing deformations, and then 
obtain details about the characteristic polynomial of the resulting deformed mod- 
ule. As in the beginning of this section, let NP(*) denote the Newton polygon 
obtained by adjoining the point (s, r) to the Newton polygon of Mq; that is, NP(*) 
is the convex hull of NP(Mo) U { (s, r) }. Since the Newton polygon of a Dieudonne 
module with fl-number one is the same as the Newton polygon of its characteris- 
tic polynomial, we can control the Newton polygon of a deformation of Mq by 
examining the p-adic ordinals of the coefficients of its characteristic polynomial. 

Define 

V{*) := {{x,y) € V : {x, y) lies on or above NP(*)} 

R:=klu,y:{x,y)eV{*)l 

We define a deformation of Mg/fc to M/R by specializing the universal deforma- 
tion: 

(3.10) Riiniv ^ R 



Uxy\ 



Uxy ix,y)eV{*) 




By flOl 2.6], the Newton polygon of M is indeed NP(*). We can say more. Any 
deformation of Gq to a complete local domain such that the Newton polygon of the 
deformed p-divisible group lies on or above NP ( * ) arises from this deformation. 
This, together with the fact that R is a domain, characterizes this deformation. 

Setfl.,.(Mo) = p-^^Ax(Mo), and flx(M) = p-^^^A^iM). By Lemma |321 the 
monodromy group of M in slope A is the Galois group generated by the Witt com- 
ponents of any v which satisfies 

(3.11) - I «.(Mo) + L py-'^u,,yf-'A v'^"-' = 0. 



y:{x,y)eV(*) 

To prove that this Galois group is large, we need control over some (in fact, 
three) of the terms which appear in (|3.11l l. For any nonnegative integer let 

= {(x,y) : (x,y) e V{*),y-Ax = j/s} 
rU) = Uk;P(7). 



We will see in Section |331 that partitioning 'P(*) as WP{i) corresponds to keeping 
track of terms with p-adic valuation j/ s. In the present section, our goal is to show 
that V{0), P(l) and ■p(s) are nonempty. 



12 



JEFFREY D. ACHTER AND PETER NORMAN 




Figure 1 . The parallelogram V. 



Lemma 3.6. 7^(0) = {(s,r)}. 

Proof. Certainly, (s, r) is in P(0). Let (f, u) be any lattice point with i > and 
Au = t. li t < s, then gcd(r, s) 1, contradicting our original hypothesis on 
the representation A = r/s. If t > s and {t,u) E V, then the sub-Dieudonne 
module with slope at most A would have height greater than s, which contradicts 
the definition of NP ( * ) . □ 



Lemma 3.7. If {s,r) ^ (s, s — 1), then V{1) is nonempty. 

Proof. Write (s, r) = {a + b, a) with gcd(fl, b) = 1, and consider FigureH] Since the 
segment from {a + b,a) to {c + d,c) has slope at most one, it follows that b < d. 
Since the Newton polygon is lower convex we may assume that a < c — 1. 

By hypothesis b > 1. The line y = (^/(fl + b))x enters the parallelogram V 
at X = {a + b)/b and continues inside the parallelogram at least until the point 
(fl + b, a) since d > b. For any integer a between {a + b) /b and a + b, the point 
with integer coordinates directly on or above {a, ocA) = [a, [aa] / {a + b)) is in P. 
Thus it suffices to show that there is an <x in this range so that 

a(x/{a + b) = —l/{a + b) mod Z 

or 

aoc = —1 mod a + b, 

which is equivalent to 

ba = 1 mod a + b. 

There is a solution to this equation with a in the range 1 < a < a + b, since 
gcd(fl, b) = 1. There is no solution in the range 1 < oc < {a + b)/b; hence there is 
a solution in the range [a + b) / b < a < a + b. □ 

Lemma 3.8. If {s,r) ^ (s, s — 1), then V{s) is nonempty. 

Proof Since r < s - 2, (s,r + 1) e V{*). □ 
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3.5. Calculation of Galois action. Write flx = L V^^^{^x,j) with a^^j E k. By using 
Lemma 13.61 and recalling that aj^ Q = 0, we can write our monodromy equation 

(3.12) 

(For given x and j, if there is no y such that (x, y) E V{i) then we set the innermost 
sum equal to zero.) Write J? = L P^^^{'^j)> ^ = Frac R, and Kj = K{vo, ■ ■ ■ , vj). For 
a subset? C V{*),\etk\up\ = A:[[m(^ : (x, y) G P|, with field of fractions fc((Mp)). 

Lemma 3.9. Gal(Xo/X) ^ F^^. 

Proof. Reduce equation (|3.12l l modulo p^/^ and consider the initial Witt component 
of c: it satisfies 

(3.13) Vq — Uy^s ^0 ~ 

Let t be a nonzero solution to l|3.13l l. It satisfies 



r,s I 



(3.14) tr'-r ' = mP 

and generates an extension of separable degree — 1 over fc((Mp(^))) whose Galois 
group is . □ 

We continue to let t = vq. The equality l|3.14l l in the algebraic closure of k{{u-p)) 
implies an equality of Witt vectors 

(3.15) = 1. 

In (I3.12l ( set — (f)zf and divide by {t)^ . Using < I3.15|) , we obtain 

;>1 ^ \ y:(x,y)G7'(/) 

Write w = I/^o P'^' 

(z(;/) with wq = 1. Then our equation becomes 



Ji-x 



/>1 X y y:{x,y)er{j) J \ i>0 / 

or, regrouping, 

e>i j=i X \ y:{x,y)<^V{j) / 



14 JEFFREY D. ACHTER AND PETER NORMAN 

Inductively, for 1 < i < s we have 

(3.16) zof - zv{-' - t-v'^ i j: ( a,, + {tr'-u,f:;) = o. 

;=1 ^ \ y:{x,y)eP{j) ) 

Since we have equality of Witt vectors in equation | |3.15|| the lifts {wj) for 1 < j < I 
solve the Witt equation modulo p^^+^)l^. The higher-order terms are irrelevant in 
our calculations since £ < s. Moreover, Wf> is defined in terms of ivq, ■ ■ ■ ,W£^i and 
coordinates Ux,y for (x, y) G Vi^), so that iv£ is algebraic over k{{u-pi^f^)). 

Let Q{i) = Vif.) — {(s, r)}. With this notation, Wi, ■ ■ • , w^_i are algebraic over 

fc(("Q«?)))((0)- 

Consider the extension fc((MQ(£_i)))((0) C fc((ug(^_i)))((t))(zyi, ■ ■ ■ Since 
^((^'Q(f-l))) 1*1 is a discrete valuation ring, we can write this extension as 

K("Q(^-1)))((0) C L,_i((0) C L,_i((i,_i)), 

where Lf_i is an extension of the residue field fc((wQ(-£_ij)), and the second exten- 
sion is totally ramified with uniformizing parameter t^_i. 
The equation for W( is defined over 

and has the form 

- - f-P ( ^ , tr ■ ) - B = 

(x,y)eP(£) 

With B e L,_i((f£_i)). Write A = f-P*(I(,,y)g^(,) M^I^'^'fP""-^'). 

Lemma 3.10. Assume 1 < i < s. If there exists some (xq/I/o) G V {£), then the separable 
degree of the extension Lf /L/_i fs greater than or equal to p^. 

h—s s 

Proof. Let z = ifP ', then z is a root of XP — X = A + B. This equation is 
separable; we show it is irreducible. By Lemma lA.ll it suffices to show that it 
is impossible to write A + B = fu{x), where H is a nontrivial subgroup of Fps, 
fnix) = UaeH{x-a),andx e le-i{{^v{{)))iite-i))- 

To show that /h(^) = A + B has no solution we use Lemma lA.21 Note that 
the field k in the appendix corresponds to the field L(_i here; the variable t in 
the appendix corresponds to t^^i here; and the variables Zj, ■ ■ ■ Zg in the appendix 
correspond to Ux,y with (x, y) eV{£). □ 

Lemma 3.11. Suppose r 7^ s - 1. Then Ga\{Ko/K) ^ F^^, while [Ki : Kq] > p' and 

[Ks : > f. 

Proof. The first claim is Lemma I3l9l while the rest follows immediately from Lem- 
mas [STUU and |310l □ 

The main result of this section now follows easily. 

Proof of Lemma [XI] We show that the deformation defined by I l3.10|l has large mon- 
odromy in slope A. The monodromy group admits a filtration by subgroups of the 
form 1 -|- CD"0\. By comparing Lemma 13.111 with the cardinality of the graded 
pieces of Q;\ i3.3} , the monodromy group is maximal for graded pieces 0, 1 and s. 
By Lemma |331 we conclude that the A-monodromy group is all of Aut{N\^f) . □ 
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4. Main result 

The goal of this section is to complete the proof of 

Theorem 4.1. Let Gq /k be a p-divisible group. Let A be a rational number which is not a 
slope o/Gq but is attainable from Gq. Assume that A ^ {s — l)/s for any natural number 
s > 2. Then there exists a smooth equicharacteristic deformation Gr ofGo/k to a domain 
R so that Gr attains X, and the monodromy group of Gk in slope A is large. 

The theorem follows from Lemma [3. II and the three lemmas below. Lemma l4!2l 
removes the hypothesis on fl(Go) from Lemma l3lT] Lemma l4l3l completes the proof 
of the main theorem for positive A by reducing to the case where A is strictly less 
than any slope of Gq. Lemma|43]proves the theorem in case A=0. 

Lemma 4.2. Let Gq be a local p-divisible group over an algebraically closed field k. Let 
A E [0,1], A 7^ (s — l)/s, be a positive rational number attainable from Gq which is 
strictly less than any slope of Gq. Then there exists a deformation of Gq to a p-divisible 
group G which attains A with multiplicity one and that has large A-monodromy. 

Proof. Suppose that Mq has dimension d and codimension c. Choose a display 
for Mq as in | |3.4| |; then the universal deformation of Mq, defined over R^'^" and 
denoted M""''', is given in | |3^ . 

Oort shows [11 J that there exists a complete local domain R and elements 7jJ E 
R so that, if we write r for the matrix {{rjj)), then the Dieudonne module Mi 
displayed by 

'A + rC B + rD^ 
C D 

has the same Newton polygon as Mq, but a (Mi (Frac R) ) = 1. 

Let Sij = (sij) E W{Rlsij : (/,;) E S""^^]). Let S = (Sij), and let M2 be the 
Dieudonne module over Rl[s,^]] with display 

^A + rC + SC B + rD + SD 
The Dieudonne module M2 is a deformation of Mq. Indeed, the map 

j^univ Rlsijl 



exhibits M2 as a deformation of Mq. 

Let K be the fraction field of R and K its algebraic closure. The Dieudonne 
module M2 (^^l[S(y■| ) defined by l|4.1|l is visibly the universal deformation of Mi {K) . 

Let /\ be a slope attainable from Mq which is strictly less than any slope of Mq. 
Write A = r/s where r and s are relatively prime integers. Let NP(*) denote the 
lower convex hull of the Newton polygon of Mq with (s, r) adjoined. By hypothe- 
sis, NP(*) has the same beginning and end points as the Newton polygon of Mq. 

By a result of Katz [8, 2.3.1], the locus of Spf R""" over which the Newton 
polygon of the deformation lies on or above NP(*) is Zariski-closed. Indeed, he 
shows there exists an ideal / c R^™'^ so that, if (p : R™" — > R' is any extension 
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of scalars to a domain R' inducing a Dieudonne module, then (p{])R' defines (set- 
theoretically) the locus of points where the Newton polygon M"'^"(K') lies on or 
above NP(*). 

We apply this to our situation. Consider the sequence of homomorphisms 

Runiv ^ Rls.jl . Kls.jj ^ KlSijl 

The ideals /, JRlsjjj, JKlsjjl and /^[[s,^! define the loci where M""'", M2, M2iK), 
and M2{K), respectively, specialize to a Dieudonne module with Newton polygon 
on or above NP(*). 

Let y = _R[[siy]]//R|Siy]]. Then M2(Y) is a deformation of Mq whose Newton 
polygon is equal to NP(*). Our goal is to show that there is a point of Spf(Y) so 
that M2(y) restricted to that point has generic Newton polygon equal to NP(*) 
and has large monodromy. 

Let denote Y (g)R K. The a-number of Mi (K) is one. Since M2('K[[s/j| ) is the 
universal deformation of Mi{K), and since /X[[s/y]] defines the locus of deforma- 
tions of Mi{K) with Newton polygon on or above NP(*), we can apply Lemma 
l3.1l to conclude that the Dieudonne module M2(y-^) has large monodromy. 

Let I be the kernel of the map Y ^ Yj^ and set Y' = Y/J. We will show that 
M2 ( Y') has large monodromy. To see this let Q-^ be the field of fractions of Y^, and 
let Q' be the field of fractions of Y'. 



= Frac Y^ 




Y'C Yk 

Let Njt, be the slope- A test object; it is defined over ¥p. We can replace the p- 
divisible group associated to M2 over the field Q' by its local part. Hence we 
proceed assuming that M2 is local. Let L be any algebraic extension of Q' such 
that there exists a nontrivial map 

Na^-M2(Q'.L). 

We need to show that the action of Gal (L/Q') is large. 
Now, (p induces a map cpj-: 
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By Lemma |3IT1 the action of Gal (Q^.L/Q^) is large. The diagram of fields 




yields an inclusion Gal{Q-^.L / Q-^) Gal(L/Q'). Therefore, MziY') has large 
A-monodromy. □ 

Lemma 4.3. Let Gq be a p-divisible group over an algebraically closed field k. Let A e 
[0, l]be a positive rational number attainable from Gq which is not a slope of Gq. Then 
there exists a deformation of Gq to a complete local domain with residue field k that has 
large A-monodromy. 

Proof. Since a p-divisible group over a field always admits a slope filtration l l2.Hl , 
there exists a filtration 

(0) = g(°) C g(^) C Gf C g(^) = Go 

such that: 

• For 1 < / < 3, the subquotient Hq ^ := Gq '/ Gg is a p-divisible group. 

• The slopes of Gg^^ are all less than A; the slopes of Hq^^ are all greater than 

(2) (3) 

A; the slopes of Gg are all less than 1; and Hg ' is etale. 
By definition of attainability A is attainable from Gq if and only if it is attain- 
able from Gq/G^\ Moreover, A is attainable from Go/Gg^' if and only if it is 

(2) 

attainable from Hg , if not, a slope strictly larger than 1 would appear in a p- 
divisible group which attained A. By Sublemma 14.41 a deformation H^^^R of 

(2) 

Hg ' lifts to a deformation G/R of Gq as filtered p-divisible group. Moreover, 

f 2) 

Homj^{H^, G^) = Hom;^(H;\, Hi: Therefore, there exists a deformation of Gq 
with large monodromy in slope A if there exists such a deformation of H^^) . □ 

Sublemma 4.4. Let (0) = G^°^ C G^^' C ■ ■ ■ C G^''^ = Gq be a filtered p-divisible 
group over k whose quotients Hg'^ := Gg ^/Gg are p-divisible groups such that Hg ^ is 
etale and Gg' ^' is local. Let Rbea local k-algebra, and for each i let H^'' be a deformation 
ofH^'-' to R. Then there exists a deformation G^*^) C G^^^ C ■ ■ ■ C G^"") o/Go as filtered 
p-divisible group over R such that G^'^ / G^'^^' = H^'^ for each i. 

Proof. This is essentially contained in IfTTl 2.4]. 

First, we reduce to the case where the etale part of Gq is trivial. Indeed, sup- 
pose Gg^' C Gg^^ = Go is an inclusion of p-divisible groups so that Gg^' is local 
and Gg'^''/Gg^'' is etale. Then Go admits a decomposition as a direct sum Go = 
(Go/gJ^^) ® G^^^ = ' ® H^^K If H(') is a deformation of H^'^ over R for i = 1, 2, 
then H(1) c H(1) © H(2) is a suitable deformation of gJ^^ C G^. 
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(r—1) (r) 

Henceforth, we assume that Gq is local, so that Gq = Gq . Denote the di- 
mension and codimension of Gg ^ by d{i) and c(z), respectively There is a W{k)- 
basis xi, ■ ■ ■ , yi, • • • , for M = Dh,(G) so that xi, ■ ■ ■ , x^(j), yi, • • • , yc{;) 

is a W(fc)-basis for (Gq We describe the display with respect to this 

basis. 

The matrix A is block-upper-triangular, with blocks A^, ■ ■ ■ Ar. The matrix A, 
is square of size d(i) — d{i — 1); B, C and D have an analogous structure. Observe 



that 



C is a display for Hq' 



Let _R be any local fc-algebra, and suppose that a deformation H^'^ /R of H^') /k is 

'Ai + r(')c,' Bi + t(' 



given for each i. Such a deformation is described by a display 



where T^') is a (rf(z) — d{i — 1)) x (c(z') — c{i — 1)) matrix with entries in R. 

Let T be the block-diagonal matrix with blocks T^^\ ■ ■ ■ , T^' ', and use this to 

'A + TC B + TD^ 



construct the display ^ ) ^" "^^^^ defines a p-divisible group 

G/R. Since each of A -|- TC, B + TD, C and D is block-upper-triangular, the filtra- 
tion of Go extends to a filtration G(°) = C G^^' C ■ ■ ■ C G('' = G over R. 
Moreover, the display of H^'^ is identical to that of G^'^ /G^'^^\ so that these are 
isomorphic p-divisible groups. □ 

We conclude this section by proving Theorem l4.1l for A = 0. Note that this gives 
a (somewhat anachronistic) proof of Igusa's result [7J. We include the analogous 
result for slope one, even though such a slope is not "attainable" in the formulation 
of Definition O 

Lemma 4.5. Let Rbe a complete local ring with field of fractions K and residue field k. 
Let G/R be a p-divisible group, with special and generic fibers Gq and G^, respectively. 

(a) Suppose the multiplicities of slope zero in G^ and Gq are 1 and 0, respectively. 
Then the slope zero monodromy ofGf^ has finite index in Zp . 

(b) Suppose the multiplicities of slope one in Gk and Gq are 1 and 0, respectively. 
Then the slope one monodromy of Gk has finite index in . 

Proof. For (a), consider the representation 

Gal(X) ^ Aut(Hom^(Mp-,G^)) ^ . 

Since the representation is continuous, the image of this map is closed. In fact, this 
image is actually infinite. If not, then over some finite extension K' /K there would 
exist a nontrivial homomorphism from lipoo j^^t to G^', which would necessarily 
extend [2*, 1.2] to the integral closure of Rin K' . This contradicts the hypothesis 
that is not a slope of Gq. In particular, the monodromy group contains some non- 
torsion element a. Let /3 = ckP^'^. Then there is some n > 1 so that /3 = 1 mod p" 
but /3 ^ 1 mod Therefore, (i generates the group (1 -|- p"Zp) /{! + p"+^Zp). 
Since the Frattini subgroup of 1 + p"Zp is 1 -|- p"^^'Lp, ji topologically generates 
1 + p"Zp, a subgroup of finite index in Z^ . 
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The proof of (b) is similar. There is a subgroup C such that G^c/ G^ is 
geometrically isomorphic to Qp/Zp, and the monodromy of G in slope one is the 

same as that of G}^/G^^\ We claim that this monodromy group is infinite; as in 
part (a), this implies that the monodromy group has finite index in . 

Indeed, suppose not. Over some finite extension K' /K. there would exist a non- 
trivial homomorphism Gjc Qp/Zp. By |2l 1.2], this would extend to a nontrivial 
homomorphism Gr/ Qp/Zp, where R' is the integral closure of R in X'. This 
contradicts the hypothesis that Gq is purely local. □ 



5. Polarizations 

We now explain how to extend Theorem 14. II to the setting of principally quasi- 
polarized p-divisible groups, since these are the ones which arise in applications 
to abelian varieties. For such a p-divisible group the dimension and codimension 
are the same, and we set c = d = g, h = 2g. 

Recall that by a principally quasi-polarized (pqp) p-divisible group we mean a 
p-divisible group G equipped with a self-dual isomorphism O : G ^ G'. In this 
section, deformations will always be of pqp p-divisible groups. Recall that, given 
a deformation of a p-divisible group, if a chosen quasi-polarization also deforms 
then it does so uniquely. 

Note that a slope A appears in the Newton polygon of a pqp p-divisible group 
with same multiplicity as 1 — A. Moreover a pqp p-divisible group has large mon- 
odromy in slope A if and only if it has large monodromy in slope 1 — A. 

Theorem 5.1. Let Gq be a principally quasi-polarized p-divisible group over an alge- 
braically closed field. Suppose that A is not a slope of Gq, that A ^ (s — l)/s /or any 
natural number s > 2, and that A is symmetrically attainable firom Gq. Then there exists 
a pqp deformation of Gq which symmetrically attains A with large A-monodromy. 

Proof. Since the proof is similar to that for p-divisible groups without polarization, 
we limit ourselves to the points where the proofs differ. Observe that slope 1/2 is 
not symmetrically attainable. Since a slope A occurs in a pqp p-divisible group if 
and only if 1 — A occurs, it suffices to consider the case A < 1/2. The proof of 
Lemma [4.51 holds in the presence of a principal quasi-polarization, so we assume 
that A > 0. 

First, we show that it suffices to prove the theorem under the additional hypoth- 
esis that A is strictly less than any slope of Gq. We use techniques from Section 3 
of Oort's article IfTTI , in particular Lemmas 3.5, 3.7 and 3.8 there. He proves that 
there exists a filtration by p-divisible groups 

(0) = g(°) C g(^' C Gf C Gf = Go 

such that: 

• For 1 < / < 3, the subquotient H^^ := Gq '/ Gg ^' is a p-divisible group. 

• The slopes of Gg^^ are all less than A; the slopes of H^^ are all greater than 

(2) 

1 — A; the slopes of Gq are all less than 1 — A. 

• The filtration is symplectic, in the sense that the principal quasi-polarization 

Oo : Go ^ (Go)' induces isomorphisms (D[,'' : H^^ (hJ^"'+^V- 
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(2) (2) 

In particular, the pair (Hq , Oq ) is a pqp p-divisible group. 

We decompose the Newton polygon of Gq into three parts. The initial, mid- 
dle and final parts respectively arise from H^^\ H*^^ and H^^\ Oort shows that a 

deformation of the pqp p-divisible group iH^\ O (-^^ ) to a ring R lifts to a deforma- 

(1) (1) 
tion (G, O) of (Go, Oq) so that the inclusion Gq ^ Gq extends to Gq x R ^ G. 

In particular, the Newton polygon of G has the same initial and final parts as Gq. 

Thus, to prove the theorem it suffices to show that there exists a deformation of 

(2) (2) 

(Hq , Oq to a pqp p-divisible group whose Newton polygon is the same as that 
of the middle part of G and which has large A-monodromy. In particular, it suffices 
to prove the theorem under the hypothesis that A is smaller than any slope of Gq. 

Second, we show that we may assume that fl(Go) = 1. By [11, Corollary 3.10], 
given a pqp p-divisible group over a field, there exists a pqp deformation with the 
same Newton polygon as the original group but with generic fl-number one. The 
reduction argument of Lemma|4]2]now applies. 

We now assume that fl(Go) = 1, that A > 0, and that A is smaller than all 
slopes of Gq. Since Gq has no toric part and is self-dual, it is local; we can use 
covariant Dieudonne theory. Let Mq = D*(Go), and let g denote the dimension 
and codimension of Mq. By a result of Oort |10, 2.3] we can find a W(A;)-basis 
{ei, ■ ■ ■ , e2g} for Mq so that the display of Mq is normal and the pairing takes the 
form 



Define an involution on S""'^ by inv^((f, j)) = [j — g,i + g)- The universal pqp 
deformation M'^''"'P"^ of Mq is defined over the ring 

We calculate the equation for R""iv,pol ^^Yl respect to the new coordinates on R^^^"^ 
introduced in (|3.9| l. Let invNP {x,y) = {2g — x,g — x + y); we then have 

Let NP(*)poi denote the symmetric Newton polygon with endpoints (0, 0) and 
(2g, g) obtained from the Newton polygon of Mq by adjoining (s, r). It is the lower 
convex hull of NP(Mo) U {(s,r), invNp(s,r)}. If < x < s, note that {x,y) e 
NP(*)poi if and only if invNp(x, y) e NP(*)poi. 

The universal pqp deformation of (Mq, (■/•)) with Newton polygon on or above 
NP(*)poi is defined over RP°l := R ®Runiv R""iv,pol^ ^here R is the ring constructed 
in Section 13.41 the associated p-divisible group is the pullback of the tautological 
group G""i^/R""'^. 

Furthermore, the analysis of section three goes through for G /RP°^, too. Specifi- 
cally, let P(*)poi = {ix,y) e V : {x,y) lies on or above NP(*)poi},andletP(7)poi : 
V{i) n P(*)poi. Then Lemmas |321|37] and |33| apply to V{*) poi, too, and we have 
^(O)pol = {(S/'')}/ and 'P(l)poi and V{s)p^\ are nonempty. Therefore (cf. Section 
1331 GP°V^P°' has large A-monodromy □ 
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Appendix A. Artin-Schreier equations 

We establish a criterion for Artin-Schreier equations to be irreducible. We use 
this to calculate our Galois group. 

Let q — p^, and let G C (F^j, +) be a subgroup of order p^. Define 

fG{X)^Y\iX-a). 

aeG 

Since /g(X + /3) = /g(X) for /3 G H, /g(X) = Iy=o NujXP'. In particular, /g is 
additive. 

Lemma A.I. Let K be any field containing an ¥q, and let A G K. Then 

f (X) = X? - X - A 

is reducible if and only if A — fci^) for some a E K and some nontrivial subgroup 
GCF+. 

Proof. We write the pol5momial as 

F(X)=X'?-X-A = /f,(X)-A. 

Assume F = Y\fi is a non- trivial factorization of F into irreducible monic factors. 
Let yi denote a root of /i. The roots of F are yi + 13, j5 & F^. Thus once we adjoin 
yi to K we can split all the /,• and thus the splitting fields of the /, are all the 
same. There is a subgroup H of F^ so that /i(X) = YiaeHiX — (yi + oc)). Since 
/h(X) — fu{yi) vanishes on the set yi + H and has leading coefficient 1, we have 
/i(X) = /h(X) - fniyi)- For /3 e F^, let [j3] = |3 + H denote the corresponding 
equivalence class in F^/H. Define 

/[/3](X)=/MX)=/l(X-^). 

This is independent of the choice of [3 in [13]. Since the set of roots of fp is yi + 
/3 + H, we have F = n[|3]eF,/H/[j3]- The constant term of f^ = /^(X - ^) = 
f h{X - 13) - fniyi) is 

/h(-/3) -/H(yi) = -(/h(^) +/H(yi)). 

Thus 

^= n (-(/H(^)+/H(yi)))- 

The map /h is additive, maps F^ to itself, and has kernel exactly H. Let L denote 
the image of F^ xmder /h- Then we can write 

A = /L(-/H(yi)). 

Since /h ( y i ) is the constant term in /i , it is in K. □ 

Lemma A.2. Let F(X) = XP" + c„_iXP" ^ + • • • + cqX foe an additive polynomial 
with coefficients in a finite field. Let k be any field containing the coefficients ofF, and let 
K = k{{zi, • ■ ■ Ze)) {{t)). Suppose 

A = zf (d_Nr^ + d_N+ii"~+^ + •••) + B e 

where M,N eN, e k, d^i^ 0, and B e fc((f)). T^zen F(X) ^ A + Bhasno solution 
in K. 
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Proof. Possibly after enlarging k, we may and do assume that d-i^i = 1. We define 
an endomorphism tt of K considered as fc-vector space. Let ; e Z, and a G Z^. Let 




z« if «= (i,0- • •0)and j = ^ 
otherwise 



Now extend Ttj to Laurent series by setting 7ry(52a: «az") = La«a7ry(z"). For x — 
Ajt! Aj e fc((zi, • • • , z,)), define 7r(x) = I nj{Aj)V. 

Then 7r is an idempotent operator; no n = n. Moreover, n commutes with the 
p"* -power map; for a G K, n{aP) — {n{(x)Y. In particular, n commutes with F as 
fc-linear endomorphisms of K. 

This implies that if F(X) — A + B has a solution in x £ K, then 7r(x) is a solution 
toF(X) = 7i{A + B) = 7r(A). Indeed, if F(x) = A + B, then F(7r(x)) = 7r(F(x)) = 
n{A + B). Since n{A + B) = n{A) = z*^r^, we are reduced to showing that 
F(X) — z^t~^ has no solution of the form 7r(x) for x E K. 

Write e = gcd(M, N), m = M/e, n = N/e, and w = z'^t^". The fc-linear space 
7v{K) can be identified with k{{w^^J). We are reduced to showing that 

F(X) = u;" 

has no solution in k{{w^^)). Since F maps each of k[w] and to itself, we 

are further reduced to showing that F(X) = w"^ has no solution in k[w]. But F(x) 
never produces a monomial for any x ek[w] of positive degree. Thus the equation 
F(x) — vif has no solution. □ 
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